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A Multiple Degree-of-Freedom Approach to Nonlinear
Beam Vibrations

JAMES A. BENNETT*
University of Illinois, Urbana, I I I .

AND

JOE G. EiSLEYf
University of Michigan, Ann Arbor, Midi.

The steady-state free and forced response and stability for large amplitude motion of a
beam with clamped ends is investigated. Elastic restraint of the ends is included in order
to relate theory with experiment. A multimode analytical and numerical technique is used
to obtain theoretical solutions for both response and stability. Experimental results largely
confirm the results of the analysis. It is concluded that, while single mode analyses are ade-
quate in some cases, there are circumstances where a multimode analysis is essential to predict
the observed results.

Nomenclature

Am = amplitude of the rath mode
E = Young's modulus
F = transverse force
FQ = generalized force
h = beam thickness
I = second moment of area of the cross section
Ks = axial spring factor
k = axial spring constant
ki = rotational spring constant
L = beam length
PO = initial axial tension
Pom = nondimensional amplitude of the generalized

harmonic force
t = time
w = transverse displacement
x = axial coordinate
Mmkin,Fim, = modal constants

GmrsjGmgrs
7] = nondimensional axial coordinate
X = ratio of axial load to fundamental Euler buck-

ling load
£m = generalized coordinate
p / = mass density
Tjl = nondimensional time
<£m,<l> = assumed spatial function or linear mode shape
<f>m = nondimensional linear mode shape
\f/n = eigenvalue of the linear free problem
co = nondimensional frequency
coo = linear natural frequency

1. Introduction

THE nonlinear transverse vibrations of a beam whose ends
are restrained from axial displacement has received much

attention. The common approach is to assume some form
for the spatial solution, usually a linear mode shape, and then
solve the nonlinear ordinary differential equation that results
for the time variable. Most of this work has been concerned
with simply supported end conditions only. The majority
of authors have used only a single assumed spatial function
to accomplish this; however, McDonald1 has solved the free
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vibration problem for an arbitrary initial condition using an
expansion of elliptic functions which are the exact solutions
to the free single mode problem. Srinivasan2 has applied a
general modal approach in discussing a simply supported
beam and has obtained response solutions including several
modes.

The stability of the steady-state solution of forced motion
has received much less attention, although Eisley3 pointed
out that there were regions in which the single mode solution
was not stable. The problem of the parametric excitation
of a mode which is initially at rest has been discussed by the
authors.4

There has been very little experimental verification of the
theoretical results which have been obtained for this problem.
Some early work was done by Burgreen.5 Experimental
work on the nonlinear response of beams to random inputs
has been reviewed by Lyon.6

In the investigation reported here the response and sta-
bility of multiple mode, large amplitude, transverse vibra-
tions of a beam were predicted by approximate analytical
and numerical techniques and the results were then compared
to experimentally determined values. General equations for
the response and stability of a multiple degree-of-freedom
beam were derived and results then obtained for the par-
ticular case which describes the experiment. The experi-
mental beam was, ideally, clamped on both ends; however,
because not all the elasticity of the support could be removed,
a term to express the axial elasticity of the support and
another term to express elastic rotational end restraint were
included in the analysis.

2. Equations of Motion

The partial differential equation describing the transverse
vibration of a beam which is axially restrained and in which
large deflections are permitted is7

hEhE f L /dw\2 , ~\&w
* 2L Jo (to) dX\W

F(x,t) (1)

where Ks is a factor expressing the amount of end restraint

Ks = L/hE(l/k

Thus jfiT8 = 1.0 is fully restrained, and Ks = 0.0 represents
no end restraint.

The only nonlinear effect that has been included is that
due to the effect of the transverse deflection on the axial force
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developed due to end restraint. The curvatures are still
restricted to be small and both shear deformations and
longitudinal inertia have been neglected.

Assume that

w(x,t) = (2)

and specify that $i(x) satisfies the associated linear problem

ph —^ + El ̂  - Po^l = Q

and the appropriate boundary conditions. It is therefore
practical to include any elastic rotational end restraint in the
linear problem. Then, applying Galerkin's method, the
following set of nonlinear ordinary differential equations are
obtained:

dr2

(3)

m = 1,2, . . .j
Flm =

fi
Jo

L J0 Ffor)<Mi7

where the following nondimensional quantities have been
defined:

T = (E/pY'H/L, i, = x/L, <f>m = *„/!,

3. Response

Since there is no known exact solution to Eq. (3), it will be
necessary to turn to an approximate solution. The method
of harmonic balance will be used. The method involves
assuming a solution of summed harmonics, substituting this
assumed solution into the differential equations, and then
equating the coefficients of the harmonics to zero. Any
harmonics which arise in the substitution which are not in-
cluded in the assumed solution are neglected. The effective-
ness of this method is dependent on choosing only those har-
monics which will be important. It has been found, for
the Duffing equation obtained for a single assumed mode,
that a single harmonic term in the time expansion gives
accurate results over a wide range of interest. It is also
known that when damping is neglected, only in phase and
out of phase motions arise.

Thus, for harmonic forcing, assume a solution of the form

= Am COSCOT (4)

Substituting Eq. (4) into Eq. (3) and neglecting the terms
that contain cos3cor, the following is obtained:

-Awco2 + FlmAm + f Ks E E Z MmkiJLkAiAn = P0m
fc = l i = l n = l

(5)
This set of j nonlinear algebraic equations relating the

jAm& and co may be solved on a digital computer by the
Wegstein iteration technique.8 The solutions were started
for a given initial co using the appropriate single mode equa-
tion. The solutions were then continued by incrementing

Fig. 1 Sym-
metric forcing,
first and third
modes, 0 < co/co0
< 2.0, X = 0.0.

—— IN PHASE
—— OUT OF PHASE

0.8

co and using the solutions for the previous co as initial guesses.
Since only real values of the Am's were important, no attempt
was made to find complex values of the Am's.

4. Response for a Particular Example

For the case under consideration, the equations for the
first three modes can be expressed in the following form,
The coefficients may be evaluated by numerical integration
and the fact that several of the coefficients are zero has been
used to simplify the equations.

+ + K,[Gm£i* +
COSCOT (6)

Gm&b +

Gmrs = Mmrrs

+

= P0

= P03

COSCOT

COSCOT

M m

Gmqrs = Mm Mm M Mmqsr mSqr msrq mrsq M mr<is

In general, two types of problems arise: 1) symmetric
forcing, and 2) asymmetric forcing.

A. Symmetric Forcing

If the force is applied at L/2 or if it is symmetric about
L/2, P02 is identically zero as are all the Pom's for the even
numbered modes.

The response for the single mode has been discussed ex-
tensively in the literature and is the typical response for the
hard spring oscillator. Since the generalized forces for the
even numbered modes are zero, the solution will indicate
that these modes will not respond. The response for the
first and third modes is shown in Fig. 1 for 0 < co/co0 < 2.0,
and in Fig. 2 for 5.4 < co/co0 < 7.0, where co0 is the linear
natural frequency of the first mode. The expected funda-
mental resonances of A i in the neighborhood of the first linear
natural frequency occur. However, there is also an A5
resonance in the neighborhood of the first linear natural fre-
quency and an AI resonance in the neighborhood of the third
linear natural frequency. This type of resonance due to non-
linear coupling will be called " coupling resonance." At
co/coo =1.3 the coupling resonance causes approximately a
2% distortion in the spatial response as shown in Fig. 3.
The effect in the first linear natural frequency region is to
flatten the response shape as the frequency increases. The
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Fig. 2. Symmetric
forcing, first and
third modes, 5.4 <
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forcing, first and sec-
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2.0, X = 0.0.
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ratio of A$/Ai increases with increasing co/co0 in the region
of the first mode resonance, thus, the.contribution of A3 to
the response shape increases for increasing CO/COQ in this region.

B. Asymmetric Forcing

When the beam is forced asymmetrically, the second mode
enters into the response. This response will be generated by
forcing the beam at L/4.

The response for modes 1 and 2 is shown in Fig. 4. Of
particular interest is the absence of a coupling resonance.
Although there are three separate branches of the curve in
this area, there is no significant increase in amplitude of
either mode in the resonance region of the other mode. This
can be explained by examining the coupling terms of the
three modes. In the equations for modes 1 and 3, there is
a term of the type £s3 in the former and £i3 in the latter. If,
say, £1 becomes large, the term in the third mode equation
will also become relatively large and will significantly influence
the £3 response. However, the coefficients of the £i3 and £s3

terms in the second mode equation are zero; thus, there is no
significant coupling between the resonant odd modes. In
fact, the coupling between the first and second, and the third
and second modes is so weak that for all practical purposes
the nonlinear coupling terms may be dropped and the second-
mode response calculated from

Comparing this response with the complete three mode
response, differences of less than 1% were noted. If this
simplification is made, the multiple solutions for £2 corre-
sponding to the multiple solutions for £1 and £3 do not occur.

EXPERIMENTAL POINTS

O ou/fcJ0 = 1.3

D oi/uJo- f.O

0.8

g 0.6

o! 0.4
<

0.2

^Wo-1.3 (THEORETICAL)-
FIRST AND
THIRD MODESV

-1O (THEORETICAL)
FIRST MODE

u O.I 0.2 0.3 0.4 0.5

Fig. 3 Response shapes, first mode resonance, X = 0.0

If higher-order modes were included, this pattern of cou-
pling would continue except that th£ even modes would also
be coupled through the cubic term. It is interesting to note
that the type of coupling and thus the type and number of
coupling resonances are dependent on the boundary condi-
tions. Reference to Eq. (3) indicates that the coefficient
of this term in the mth equation for A;th mode coupling is
governed by an integral of the form

C 1 tftyn . ,

Jo ̂  *•*»

If the beam is simply supported at both ends, this term is
identically zero for all choices of m ^ k, since the linear mode
shapes are <£„ = sm(mrr]). Thus, there will be no coupling
resonances in a beam which is simply supported at both ends.
On the other hand, if one end is clamped and one is simply
supported, the evaluation of this integral indicates that all
modes are coupled through the cubic term.

A common approximation to the clamped-clamped beam is

Evaluation of the integral in Eq. (3) for this mode shape
indicates that none of the modes are coupled through the
cubic term. This indicates that one must be extremely
careful in the choice of mode shapes and the number of modes
that are retained.

5. Stability

Although a solution has been found to the steady-state
problem there is neither assurance that these solutions are
unique nor that they are stable solutions because of the non-
linearity of the equations. Thus, it will be necessary to
check the stability of these solutions and to investigate the
possibility of further steady-state solutions.

The stability question will be investigated by studying the
behavior of a small perturbation of the steady-state response.
Let £m = £ms + 6£m where £ms is the steady state solution for
Eq. (3), and d£m is a small perturbation of the mth mode.
Substituting this into Eq. (3), and retaining only first-order
terms, the following is obtained.

dr*
Ks t

i=l n==l

& + 0 (8)

For the stability problem only the symmetric case will be
discussed. In the case of a single assumed mode this equa-
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tion reduces to a Mathieu type equation whose stability is
well known. If just two modes are included the following
pair of Mathieu equations occur:

ICOSM ̂
(9)

~di* ^

where t = 2cor. These two Mathieu type equations are un-
coupled and the first one is identical to the case for one mode.

It is known that the solutions to the Mathieu equation in
the regions of instability are of the form e^[0(t)]. If p(t) is
expanded in powers of a small parameter, the leading term is
periodic with period 4ir/n, where n is the integer number of
the stability region. This is discussed in detail by Hayashi.9
Thus, the instabilities that arise must be of the form

6£m = Am COSTICOT

For n > 1 this response is called ultraharmonic. Thus, the
first instability region in the Mathieu diagram maps into
the jump instability region in the .A, co plane. The subse-
quent regions are identified with the integer order ultra-
harmonics. If there is some damping in the system, only the
lower order ultraharmonics can be expected to arise. Two
distinct types of instability arise:

1) first mode instability,
5£i = Ai cosncor, <5£2 = 0, n = 1,2,3 . . .

2) second mode instability,
S£i = 0, §£2 = Az cosncor, n = 1,2,3 . . .

The appearance of a second mode is of particular interest
because it is normally at rest. If only the linear terms are
considered, the rest mode must stay at rest; but, due to the
nonlinear coupling, the rest mode may be excited. This
type of behavior has been discussed by the authors in a
previous paper4 in some detail. The stability regions for
modes 1 arid 2 only are presented in Fig. 5.

For the case when all three modes are considered, the
perturbation equations will take the form

JTKs\^ + "̂

1.0 + cosZ) JS& + ̂

3GW+ .0 + cos<) = 0 (10)

(1.0 + cost) |5fe = 0

xxX

& = 0

Note that the second equation is independent of the first
and third. It is of the Mathieu type and may be solved in a
manner analogous to that used before. When the third
mode is included, the intercept of the second instability re-

STABILITY BOUNDARIES

-F IRST MODE

• SECOND MODE

Fig. 5 Symmetric forcing, instability regions for first
and second modes, X = 0.0. Flags are on the stable side

of boundary.

gion of the second mode with the response curve shifts
about 3-J% lower in co/co0. The effect on the third and
higher regions is infinitesimal.

The coupled Mathieu type equations of the first and third
modes may be analyzed by a direct numerical application of
Floquet theory.10 This involves integrating the equivalent
first order differential equations over a period to assemble a
matrix, called the monodromy matrix, and then obtaining its
eigenvalues. The eigenvalues directly determine the sta-
bility of the point under consideration. The method only
analyzes one point on the response curve at a time so it is
necessary to determine the instability points of several re-
sponse curves in order to construct regions of instability.
Stability boundaries for specific cases are given later in the
report and are discussed along with the experimental results

6. Experimental Equipment

An experiment was designed to provide data to augment
the theoretical results and to provide insight into the accuracy
of the theoretical predictions. The primary information de-
sired was a response curve including regions of instability for
a beam. The experimental equipment is discussed more fully
in Ref. 7.

The beam was constructed of tool steel, 10 in. X 1 in. X
0.0313 in. It was clamped in steel blocks 6 in. X 6 in. X
4^- in. The clamping surface was 2 in. X I in. The beam
was located by three steel -J- in. diameter pins. The corre-
sponding holes in the beam were individually reamed to fit
the pins. The jaw was held with three f n. diameter steel
bolts. The mounting blocks were placed in the ways of a
lathe bed and held in position by a clamping plate underneath
the ways. One end remained attached, but the other end

Fig. 6 Experimental schematic: A—-horsehoe magnet,
B—accelerometer, C—power amplifier, D-—-function gen-
erator, E1—-displacement sensor, F-—-filter, G—-frequency

counter, H—-oscilloscope.
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80|_ — THEORETICAL RESPONSE
o EXPERIMENTAL RESPONSE

6.0

—— THEORETICAL RESPONSE

o EXPERIMENTAL RESPONSE

0 0.4 0.8 1.2 1.6 2.0

Fig. 7 Symmetric forcing, displacement at L/2, X = 0.5.

may be loosened to set the initial tension. Two 1 in. X 3 in.
steel bars were bolted to the top surfaces of the blocks to in-
crease the bending rigidity of the setup. Despite all attempts
to restrain the ends of the beam from moving toward each
other, it was discovered that the elasticity of the test rig was
a significant factor. This suggested that improperly evalu-
ated boundary conditions may be a prime source of error in
previous experiments of this type. The position of the mov-
able block was regulated by a screw arrangement and then
the block was clamped into position. The initial axial load
on the beam was measured by two foil-type strain gages
placed on opposite sides of the beam 1.5 in. from the end.

The beam was forced by an electromagnet as shown in the
schematic diagram of Fig. 6. The magnet was designed
such that the motion of the beam would not significantly
effect the force applied to the beam. The magnet was sus-
pended on thin wires so that the sinusoidal force applied to
the beam could be measured directly by placing an acceler-
ometer on the magnet. The magnitude of the sinusoidal
force could be kept constant by continuously monitoring the
accelerometer output.

The magnet actually applied a forcing function of the type

F(r) « (1 + coscor)

If a single mode response is sought and a solution is assumed
in the form £1 = di + AI coscor where d\ is a constant, after
balancing the harmonics the following equations result:

.Ai3) - Poi = 0

- P01 = 0
(11)

Near the first-mode resonance region A\ becomes large
and it is possible to neglect d^ compared to Ai2. Or

+

sAS - P01

- Poi - 0

0
(12)

This essentially uncouples the equations in the resonance
region, and also indicates that the sinusoidal amplitude is
identical to the case for pure sinusoidal forcing. Outside of
the resonance region the response is determined by the linear
rather than the nonlinear term.

8.0

6.0

5

$1-1

— THEORETICAL RESPONSE
o EXPERIMENTAL RESPONSE

0 0.4 0.8 1.2 1.6 2.0

Fig. 8 Symmetric forcing, displacement at L/2, X ••= 0.0.

-2.0-

Fig. 9 Sym-
metric forcing,
displacement at

L/2, X = -0.5.

Therefore the sinusoidal part of the response should ac-
curately indicate the response to pure sinusoidal forcing.
Equations (11) were solved numerically and indicated that
this approximation was accurate to within 1%.

The displacement was measured by a Bentry-Nevada eddy
current proximeter. The output was linearly related to dis-
placement over the range of displacements that were tested.
The instabilities of the first mode were easily detected by
the displacement measuring equipment. The instabilities
of the higher modes were not always well defined in the dis-
placement trace. Often it was possible to see a disturbance,
but its frequency and shape were obscure. To handle this,
the output was filtered by a band pass filter. The pass band
could be set in the neighborhood of the natural frequency of
the mode whose stability was under question. The filtered
response would contain primarily the components at this
frequency. The order of the harmonic could be easily deter-
mined by comparing the filtered and unfiltered response.
Thus, the particular mode that was unstable could be deter-
mined precisely by moving the displacement proximeter along
the beam and observing the phase changes of the filtered
response.

The axial spring constant k was determined by measuring
the axial strain in the beam with strain gages and comparing
the actual stretching of the beam with the stretching which
would have been developed if the ends were completely re-
strained. For the case at hand a value of Ks = 0.9 was
obtained. The rotational spring constant ki was determined
by comparing the experimental static deflection curve with
the analytical solution for elastic rotational restraints.

7. Experimental Results

Three different values of X, the initial tension ratio, were
used: X = 0.0, X = ~0.5, X = +0.5. The theoretical and
experimental responses for X = 0.5, 0.0, —0.5 are plotted in
Figs. 7, 8, and 9, respectively. The experimental forcing
corresponded to a value of P0i = 5.0 X 10 ~8 and this value

THEORETICAL

STABILITY BOUNDARIES

FIRST MODE
SECOND MODE
THIRD MODE

EXPERIMENTAL

STABILITY

nTh MODE

m^ ULTRAHARMONIC

Fig. 10 Theoretical and experimental instabilities,
symmetric forcing, X = 0.0. Flags are on the stable side

of boundary.
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Fig. 11 Third-order
ultraharmonic of
tlie second mode,

X = 0.0.

Fig. 13 Fourth-
order ultrahar-
monic of the
third mode, X =

0.0.

was used in the theoretical calculation. The theoretical and
experimental stability boundaries for X = 0.0 are presented
in Fig. 10. The results of X = 0.0 will be discussed primarily
since the results for all values of X were similar.

A. Lambda = 0.0

The experimental points agree with the theoretical curves
quite well with some discrepancy at the higher amplitudes.
This will be discussed in terms of the instabilities.

First mode instabilities were observed experimentally in
two areas. The jump phenomenon was observed both for
increasing and decreasing co/coo- For increasing co/co0, the
theory which excludes damping does not predict an instability
point, so there can be no confirmation of this. The point of
instability for decreasing CO/COQ is the point of vertical tan-
gency. This point is confirmed by the experimental results.
The first mode was also unstable as a second-order ultra-
harmonic.

The second mode showed ultraharmonics of the second and
third order. The third-order ultraharmonic occurred in an
extreme y narrow range of co/co0. An example . s shown in
Fig. 11. The second-order ultraharmonic occurred at a lower
frequency than was theoretically predicted. This discrep-
ancy was noted for all values of X. The instability was of
significant magnitude and was visible in the response trace.
It produced a mode shape that was not symmetric, as Fig.
12 shows. Since energy must be going into the oscillation of
the second mode, it must be taken from the first or third
mode. Thus, a decrease in first mode amplitude from that
predicted from the steady-state theory would be expected.
This effect was observed experimentally as was noted earlier,
since the experimental points fall below the theoretical curve
in the region where the second linear mode is unstable. This
instability persisted until the jump occurred, indicating that
to precisely determine the jump phenomenon, it would be
necessary to include the second mode instabilities in the
analysis.

The third mode showed fourth- and fifth-order ultrahar-
monic instability. The magnitude of the instabilities were
not as great as the second mode second order ultraharmonic,
but the fourth order third mode ultraharmonic was notice-
able in the response over a range of about one cps (Fig. 13).
The lower-order ultraharmonics of the third mode occurred

Fig. 12 Second-
order ultra-
harmonic of the
second mode, X

- 0.0.

after the jump and were not detectable although theoretically
the instability regions exist.

B. Lambda = +0.5

The effect of positive X is to decrease the linear natural
frequency and to increase the hardening effect. The same
instabilities discussed in the X = 0.0 section were observed
for X = +0.5.

C. Lambda = -0.5

The effect of negative X is to increase the linear natural
frequency and to decrease the nonlinear hardening. The
decrease in the nonlinear effect also decreased the amplitudes
of the fifth order ultraharmonic of the third mode and the
third-order ultraharmonic of the second mode to the point
that they were not observed.

8. Conclusions

The results of the experimental and theoretical studies
indicate that the single-term harmonic balance technique
gives excellent approximate solutions for the amplitudes
encountered in the beam problem (twice the beam thickness).
However, the single spatial mode approach must be used
with some caution. In problems in which the nonlinear
coupling is weak, it is possible to obtain quite accurate
response curves by dropping the nonlinear coupling terms
and considering each mode individually for response purposes.
However, in those cases where the coefficient of the cubic
coupling term is nonzero, coupling resonance will appear
which may significantly modify the response shapes.

It is also necessary to consider the possibility of modal
instabilities. A mode may respond in an ultraharmonic type
of response at some multiple of the forcing frequency. It is
further necessary to consider the stability of the rest modes
because they may oscillate due to parametric excitation.
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